In this paper, we study generalized Douglas-Weyl (α, β)-metrics. Suppose that an regular (α, β)-metric F is not of Randers type. We prove that F is a generalized Douglas-Weyl metric with vanishing S-curvature if and only if it is a Berwald metric. Moreover by ignoring the regularity, if F is not a Berwald metric then we find a family of almost regular Finsler metrics which is not Douglas nor Weyl. As its application, we show that generalized Douglas-Weyl square metric or Matsumoto metric with isotropic mean Berwald curvature are Berwald metrics.
Introduction
In [4] , Cheng proved that every non-Randers type (α, β)-metric of scalar flag curvature with vanishing S-curvature is a Berwald metric. Finsler metrics of scalar flag curvature are called Weyl metrics. In [12] , Sakaguchi showed that every Weyl metric is a generalized Douglas-Weyl metric. This motivates us to study generalized Douglas-Weyl (α, β)-metric with vanishing S-curvature.
For considering generalized Douglas-Weyl metric, let us introduce some Finslerian notions. Let (M, F ) be a Finsler manifold. In local coordinates, a curve c(t) is a geodesic if and only if its coordinates (c i (t)) satisfyc i + 2G i (ċ) = 0, where the local functions G i = G i (x, y) are called the spray coefficients. F is called a Berwald metric, if G i are quadratic in y ∈ T x M for any x ∈ M or equivalently 2G i = Γ i jk (x)y j y k . As a generalization of Berwald curvature, Bácsó-Matsumoto introduced the notion of Douglas metrics which are projective invariants in Finsler geometry [2] . F is called a Douglas metric if G i = The notion of S-curvature is originally introduced by Shen for the volume comparison theorem which interacts with other Riemannian and non-Riemannian curvatures [13] [17] [18] . The Finsler metric F is said to be of isotropic S-curvature if S = (n + 1)cF , where c = c(x) is a scalar function on M . If c is a constant, then F is said to be of constant S-curvature. The studies how that the S-curvature plays a very important role in Finsler geometry [9] . Recently, Shen proved that every negatively curved Finsler metric with constant S-curvature on a closed manifold must be Riemannian [15] . In [18] , it is proved that every isotropic Berwald metric has isotropic S-curvature. The Finsler metrics with vanishing S-curvature are of some important geometric structures which deserve to be studied deeply. For example, Shen proved that the Bishop-Gromov volume comparison holds for Finsler manifolds with vanishing S-curvature [14] .
In this paper, we characterize the generalized Douglas-Weyl (α, β)-metrics with vanishing S-curvature. More precisely, we prove the following. According to Cheng's theorem ( Theorem 4 in [4] ), every non-Randers type (α, β)-metric on a manifold M of dimension n ≥ 3 is Weyl metric with vanishing S-curvature if and only if it is a Berwald metric with vanishing flag curvature. Here, we weaken Cheng' condition on the Weyl metrics to the generalized Douglas-Weyl metrics. We also delete the dimension's condition on manifold. Then Theorem 1.1, is an extension of Cheng's theorem.
We must mention that Theorem 1.1 does not hold for Finsler metrics of Randers type. The family of Randers metrics on S 3 constructed by Bao-Shen are generalized Douglas-Weyl metric with S = 0 which are not Berwaldian (see [14] , page 164).
In Theorem 1.1, vanishing of S-curvature is necessary. For example, consider following Finsler metric on the unit ball B
where |.| and <, > denote the Euclidean norm and inner product in R n , respectively. This metric is projectively flat with flag curvature K = 0 (see page 96 in [1] ). Therefore F is a Weyl metric and then it is a generalized Douglas-Weyl metric, also. F satisfies S = 0 and is not a Berwald metric. Theorem 1.1, may not be hold for an (α, β)-metric of constant S-curvature. For example, at a point x = (x 1 , x 2 ) ∈ R 2 and in the direction y = (y 1 , y 2 ) ∈ T x R 2 , consider Riemannian metric α(x, y) = (y 1 ) 2 + e 2x 1 (y 2 ) 2 and one form β(x, y) := y 1 . Then s ij = 0, r ij = a ij −b i b j and ǫ = b = 1. Thus if φ = φ(s) satisfies (3) for some constant k, then F = αφ(β/α) has constant S-curvature S = 3kF . Since every two-dimensional metric is a Weyl metric, then F is a generalized Douglas-Weyl metric while it is not a Berwald metric.
Let φ = φ(s) satisfy φ(s) > 0 and φ(s) − sφ
. An almost regular (α, β)-metric F = αφ(s) might be singular (even not defined) in the two extremal directions y ∈ T x M with β(x, y) = ±b 0 α(x, y). By assumptions of Theorem 1.1, we find that if F is almost regular and not Berwaldian then it reduces to
where c > 0, q > 0 and k are real constants. The above Finsler metric is not a Douglas metric nor Weyl metric. It is not Landsberg metric, also (see Remark 4.1).
Taking twice vertical covariant derivatives of S-curvature S gives rise E-curvature E. The Finsler metric F is said to have isotropic mean Berwald curvature if E = n+1 2 cF h, where c = c(x) is a scalar function on M and h = h ij dx i ⊗ dx j is the angular metric. Among the (α, β)-metrics, the square metric F = α + 2β + β 2 /α and the Matsumoto metric F = α 2 /(α − β) are significant metric which constitute a majority of actual research.
Corollary 1.1. Let F be a generalized Douglas-Weyl square metric or Matsumoto metric.
Suppose that F has isotropic mean Berwald curvature. Then it reduces to a Berwald metric.
In [5] , Cheng-Lu proved that every weakly Berwald square metric or Matsumoto metric of scalar flag curvature is a Berwald metric. Then Corollary 1.1 is an extension of Cheng-Lu's theorem.
Preliminary
Given a Finsler manifold (M, F ), then a global vector field G is induced by F on T M 0 := T M − {0}, which in a standard coordinate (
∂ ∂y i , where
The G is called the spray associated to The notion of Riemann curvature for Riemann metrics can be extended to Finsler metrics. For a non-zero vector y ∈ T x M 0 , the Riemann curvature is a family of linear transformation
The family R := {R y } y∈T M0 is called the Riemann curvature. A Finsler metric F is said to be R-quadratic if R y is quadratic in y ∈ T x M at each point x ∈ M . 
Clearly
α (x, y) denote the coefficients of F and α respectively in the same coordinate system. By definition, we have
where
For a Finsler metric F on an n-dimensional manifold M , the Busemann-Hausdorff volume
Let G i denote the geodesic coefficients of F in the same local coordinate system. The S-curvature is defined by 
where ε = ε(x) is a scalar function, b := β x α and φ = φ(s) satisfies
where k is a constant. In this case, S = (n + 1)cF with c = kε.
(b) β satisfies
In this case, S = 0.
Sakaguchi Theorem
Here, we give a proof of Sakaguch's Theorem. Our approach is completely different from Sakaguchi'method. For this aim, we remark the following.
Lemma 3.1. ([14]) The following Bianchi identities holds:
where " | " and ", " denote the h-and v-covariant derivatives with respect to the Berwald connection, respectively. 
This means that every Weyl metric is a generalized Douglas-Weyl metric.
Proof. By definition, we have
Taking a horizontal derivation of (9) yields
where H ij := E ij|m y m (see [11] ). We have
By assumption, F is of scalar curvature K = K(x, y), which is equivalent to (11) gives
Differentiating (12) with respect to y m gives a formula for R i jkl,m expressed in terms of K and its derivatives. Contracting (6) with y k , we obtain
] y j y l y m denotes the Cartan torsion of F . For (13), see (11.24) in [14] . It follows from (13) that
By plugging (13) and (14) in (10) we get
Then every Weyl metric is a generalized Douglas-Weyl metric.
Proof of Theorem 1.1
In this section, we are going to prove Theorem 1.1. Indeed, we characterize regular generalized Douglas-Weyl metric (α, β)-metrics F = αφ(s), s = β/α, with vanishing S-curvature.
Proof of Theorem 1.1. Since F has vanishing S-curvature then by (4) we have r ij = 0 and s j = 0. Then (1) reduces to following
By differential (16) with respect to y j , y l and y k we get
Contracting (17) with h m i implies that 
By (18) and (20), we have 
Since F is not Riemannian, then (1 − F −2 α 2 ) = 0. Therefore (22) reduces to following 
Since r 00 = 0, then (24) reduces to following
Multiplying (25) 
Contracting (25) with b j implies that
By considering (26) and (27) and multiplying (23) with
By (28), we have Qα 2 + 2α 1 Q 1 + αQ 2 = 0 or s m 0 s m0 = 0. Suppose that, the first case holds
By definition, we have the following
where A jk := α 2 a jk − y j y k . So we get 
where k and q were constants. By (36), it follows that φ = c exp
where c is a real constant. But, (37) is an almost regular (α, β)-metric (for more details, see [16] ). Consequently, we conclude that s m 0 s m0 = 0 which implies that β is closed. Therefore by (17) , F reduces to a Berwald metric. In [19] , it is proved that every R-quadratic Finsler metric is a generalized Douglas-Weyl metric. Thus by Theorem 1.1, we get the following.
